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ON A THEOREM OF VON NEUMANN 
By LYNN H. Loomis 
DEPARTMENT OF MATHEMATICS, HARVARD UNIVERSITY 
Communicated June 19, 1946 


J. von Neumann pointed out in a recent talk at Harvard the need for an 
elementary proof of the following theorem, which was originally proved 
by him using the Brouwer fixed-point theorem.':? The present note sup- 
plies such a proof. 

TuHeoreM. Let a,; and bj; be two rectangular matrices (i = 1, ..., m; 
j =1,...,m) such that ay, > 0 for alli, 7. Then there exists a unique \ and 
vectors x = (%41, ...,%m), ¥ = (V1, ..-) Va) Subject tox, = 0, y, 2 O, Tf'x, = 1 
and Xfy, = 1, such that 


m m 
AZA 4 jx; = 2b 1X4, 4 = ayer (1) 
j=l 


j=l 


n n" 
Aas s Lue j=il,...,m. (2) 


Let X be the sét of m-dimensional vectors x = (x), ..., Xm) such that x, 2 
0,j = 1, ..., m and Zf'x,; = 1, and let Y be the corresponding set of n- 
dimensional vectors. Let (2’) be the inequalities (2) with \ replaced by yu. 
It is evident that \ and x in X satisfying (1) exist, and that » and yin Y 
satisfying (2’) exist. Moreover (1) and (2’) yield 


MZLAiyyixXy S Vb yxy S ABLa yx; (3) 
oe ee ae | 

In particular, « S A, so that the values of \ which can be used in (1) are 
bounded below, and since X is compact, the greatest lower bound \»y can 
be used in (1) for a certain vector x*. Similarly the least upper bound po 
can be used in (2’) for a certain vector y. And po S Xo. 

The theorem deals with those \ of (1) which are also yp of (2’). Clearly 
the only A having this property is \ = do, and even this will not do if uwo< 
Xo. Hence we must prove that uo =. Ae. 
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The proof of the theorem is an induction onm +n. Ifm +n = 2, the 
theorem is trivial. In the general case, if equality occurs in (1) for all¢ = 1, 
.. +) # When AX = Xo, x = x and also in (2’) for all 7 = 1, ....m when wp = po, 
y = y°, then equality occurs in (3), so that wp = Xo and the theorem is 
established. It remains only to consider the case when strict in equality 
holds at least once. We may suppose therefore that 


NoDaisX} => Tdi x}, 4 = i. «sing ee 
J j 
AoDaeiX} > Dh}, 4 = ny, + i, so3g We (4) 
j j 
Let \; and y; be the extreme values of \ and u in (1) and (2’) for the reduced 
matrices (¢ = 1, ...,#%:; j = 1,...,m). Then 
Ar S Ao, 1 S Mo. (5) 


For, every Land x = (x, ..., Xm) satisfying (1) fort = 1, ..., m also satisfies 
(1) for the reduced set = 1, ..., m. And every wand y = (1, ..., Yn) 
satisfying the reduced (2’) (with # replaced by m, in the sums) also satisfies 
the original (2’) if y is extended to y = (91, ..., Yai, 0, ..., 0). We assert 
that in fact 4; = Ao. Suppose, on the contrary, that \i < Ao, and that A, 
is assumed at x = x’, i.e., that 


MEage; S Lbyx;, 4 = 1, ..., m. (6) 


Then if x = ax® + (1 — a)x’, where 0 < a < 1 (note that xeX), we have 
from (4) and (6) that 


Nod 15% oe Zh ipiy, (= i, ob oy My (7) 
I J 


and it follows from (4) and the continuity of the expressions involved that 
(7) remains true fori = m + 1, ..., nif ais small enough. Hence Ap is 
not the extreme value for (1), a contradiction. Thus \»\ = \;. But A; = 
wy by the inductive hypothesis, 4; S yo by (5) and wo S Ao from (3). There- 
fore, uo = Xo and the theorem has been proved. 

If uw = wo = +» =A, x = , y = y’, then (3) becomes an equality. 
Therefore, if strict inequality holds in (1) at i = % then yj, = 0, and simi- 
larly if strict inequality holds in (2’). If the matrices are square and bj; 
is the unit matrix, it is evident from (1) that \o(= uo) > 0, so that (2’) im- 
plies that y} > 0 and (1) is composed of equalities. But then x} > 0 and 
(2’) is composed of equalities. Thus we deduced as a corollary the exist- 
ence of a positive proper value and the associated positive proper vectors 
for a positive matrix and its transpose. 

For the application of the theorem to the theory of production, see 
reference 1. The special case where all a,; = 1 is important in the theory 








ki; 
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of games. For this see reference 3, pp. 154-155, where another proof of 
this special case is also referred to. 


1 yon Neumann, J., “Uber ein 6konomisches Gleichungssystem, etc.,’’ Ergebnisse eines 
Mathematischen Kolloquiums, 8, 73-83 (1937). 

2 Kakutani, S., “‘A Generalization of Brouwer’s Fixed Point Theorem,’’ Duke Math. 
Jour., 8, 457-459 (1941). 

3’ von Neumann, J.,and Morgenstern, O., ‘‘Theory of Games and Economic Behavior,” 
Princeton University Press (1944). 


ON BLOCKS OF CHARACTERS OF GROUPS OF FINITE ORDER, II 
By RICHARD BRAUER 
DEPARTMENT OF MATHEMATICS, UNIVERSITY OF TORONTO 
Communicated July 8, 1946 


1. The first part of this investigation appeared in these PROCEEDINGS, 
June, 1946, p. 182.1 In this note, we shall apply our results to a study of 
the (generalized) decomposition numbers? of a group G of finite order g and 
of the arithmetic in the group ring I of G. 

Let again p be a fixed rational prime number. Select a full system II 
of elements 7 = 1, m1, 7. 73, ... of orders 1, p, p?, ... such that every ele- 
ment of an order p* of G 1s conjugate in G to exactly one element 7; of I. 
Denote by NV; the centralizer of r;in G. A full system 2 of elements of G 
representing the different classes of conjugate elements can be obtained in 
the following manner: Let of, of, ... represent the different p-regular 
classes of conjugate elements of N;. Then = consists of the elements 
ro, ro, ... fort = 0,1,2,.... 

2.3 If &, f, ..., ¢% are the ordinary irreducible characters of G, and if 
gi, ¢3, ... are the modular irreducible characters of N,, then for every p- 
regular element o of NV, we have a formula 


tlre) = Ldies(o) (1) 


where the di, are algebraic integers, the decomposition numbers, which are 
independent of ¢. This formula yields a representation of the matrix Z 
of the ordinary characters of G as a product of two square matrices D and ® 


Z = De. (2) 
We have to set ¢ = o, Z= (¢u(ri$?)), where yu is the row index while 
every column corresponds to an element o, £* O34 053 $ UB ors 
ki, where k; is the number of p-regular classes of N;. Similarly, in D = 
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(d,,), the rows correspond to the characters ¢,, and the columns to the modu- 
lar characters ¢?, of the different N;. Finally, if the rows and columns are 
arranged suitably, 

b= 0 (gi(o$?)) ... (3) 


& (o$”)) 0 


where, in each partial matrix (vi(o)) in the main diagonal, the row index 
is vy and the column index is j. 

The degree of all three matrices in (2) is equal to the number k of conju- 

gate classes of G, 

b= ktkhit ah 

The square of the determinant of D is a power of p while the determinant 
of @ is relatively prime to p. The formulae (1) show that in order to know 
the ordinary characters of G, it is sufficient to know the modular characters 
gi of all the N, including N) = G, and the decomposition numbers c.. 
Actually, the product of the column (7, v) of D with the conjugate complex 
of the column (i’, »’) is 0 for i + 7’ and the Cartan invariant c} ,, of N; 
fori = 7’. While this rad y', can be expressed in terms of the g', this does 
not enable us to express the decomposition numbers in terms of the ¢°. 

We shall say that for fixed i the elements 7,0{? of G belong to the ith 
section. 

3. In the notation of I, theorem 1, we take H as the group generated 
by o;, and M = @(H) = N,. The following result can be proved (with 
considerable difficulty) : 

THEOREM 1: If the modular character ¢' of N, belongs to a block B, of 
N,, then di, can be different from 0 only for ordinary characters of G which 
belong to the block B, of G determined by B,. 

This implies that in each column of D we have zero except in the rows 
corresponding to the ¢, belonging to one block B, of G. It follows that, if 
the rows and columns of D are taken in a suitable order, D breaks up com- 
pletely into ¢ matrices 7, T2, ..., T;, each 7, corresponding to one block 
B,, (r = 1, 2, ..., #). Since det D + 0, each 7, must necessarily be a 
square matrix, of degree x,, where x, is the number of ordinary characters 
in B,. The arrangement of the columns of D here will in general not be the 
same as that used in (2). 

Originally, only the ordinary characters ¢, of G and the modular charac- 
ters ¢?, of G itself were distributed into blocks B,. It isnow natural to 
count ¢’, i = 0, asa character of B,, if ¢' belongs to a block B, of N; which 
determines B, in the sense of I. Then B, consists of x, ordinary charac- 
ters ¢, and x, modular characters ¢’. In our notation, y, of these charac- 
ters have the upper index 7 = 0. These are the modular characters of G, 
the other ¢’ are the modular characters of the groups N;. 
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As a corollary to theorem 1, we have the following refinement of some of 
the orthogonality relations for group characters. 

THEOREM 2: If the elements p and o of G belong to different sections of G, 
then 


De’ Fule)Su() = 0 


when in the sum ¢,, ranges over all the characters of G belonging to a fixed block 
B,.4 

4, We state without proof the following results which are connected 
with theorem 1. 

THEOREM 3: Let B, be a block of G, and D, its defect group. If no element 
of D, ts conjugate to ;, then ¢, (p) = 0 for all characters ¢, of B, and all ele- 
ments of the section of m;.5 

THEOREM 4: If B, 1s a block of defect d, with the defect group D,, there 
exist blocks B, of defect d, of N; which determine B,, if and only if 1, is con- 
jugate in G to an invariant element of D,. If x; 1s conjugate to an invariant 
element of D,, we can choose the block B, of defect d, of N; in such a manner 
that it determines the block B, of G, and that for every ¢, in B, there exists a 
gi in B, such that di, + 0. 

Let p* be the exact exponent to which » divides g, 


g= p's’, (p,2’) =1 


If Yo is a prime ideal divisor of p in the field of characters, and if the degree 
2, of ¢, contains p to the exact exponent a — d, + «, (e 2 0), we may even 
state in theorem 4 that for a suitable ¢’ in B, we have 


di, # 0 (mod pp). (4) 


TueoreoM 5: If the block B, of N, determines the block B, of G, the defect 
of B, is at most equal to l, where p' is the order of a maximal p-subgroup of N, 
which is conjugate in G to a subgroup of the defect group D, of B,. If the de- 
gree 2, of the character ¢, of B, is not divisible by p* — * + ' where d is the de- 
fect of B,, there exists a character gi of N, which belongs to a block of N, of 
defect l and for which di, is not divisible by po. 

THEOREM 6: If p* ts the maximal order of elements of the defect group D, 
of B,, then for all ¢, in B,, the numbers di, belong to the field of the p*-th roots 
of unity. The characters ¢, of B, belong to the field of the (p*g’)-th roots of 
unity. 

THEOREM 7: If p ¥ 2, and tf B, contains y, modular characters of G, then 
at least y, of the ordinary characters ¢, of B, are p-rational, that is, they lie in 
the field of the g’-th roots of unity, (g', p) = 1. 

In fairly general cases, the exact number of p-rational characters in B, 
is equal to y,. 
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For » = 2, a result similar to theorem’ can be obtained which is more 
complicated, and shall not be stated here. 

5. The previous results make it possible to prove the following theorem: 

TueoreM 8: A block B of defect d contains at most p*@ + ?/* ordinary 
characters. 

It is probable that the bound p47 t D/2 here can be replaced by p%, but 
I have been able to prove this stronger result only for d = 0, 1, 2. 

Theorem 8 implies that if the order g of a group is divisible by the prime 
number p to the exact exponent a, and if G contains g classes of conjugate 
elements whose order is prime to p but whose normalizer has an order di- 
visible by p*, then at most gp*° + ”/? of the degrees of ordinary irreducible 
representations of G are relatively prime to p. 

6. Asin I, let K be an algebraic number field in which all the simple 
constituents of the semisimple algebra [' split completely. Denote by p 
a fixed prime ideal divisor of pin K. The ideal (p) generated by p in the 
ring of integers J of T can be represented as a direct intersection® 


(p) =MNMN...N M, 


of ideals of J, such that no Jt, possesses a proper representation as direct 
intersection. There exists a (1 — 1) correspondence between these 
“block components”’ Jt, of (p) and the blocks B, of characters of G (for )). 
In particular, the number y, of modular characters of G is equal to the 
number of prime ideals $3 of J dividing (p). Now, theorem 8 implies 

THEOREM 9: WNo block component of (p) in J is divisible by more than 
p** + Y/2 prime ideals of J where p* denotes again the highest power of p 
dividing g. 

The y? coefficients of the Cartan matrix C, of the block B, describe, to a 
certain extent, the mutual relationship between the y, prime ideal divisors 
$Y of M,. They represent interesting arithmetical invariants. Here, C, 
is a symmetric matrix with integral rational coefficients. We can form the 
corresponding quadratic form Q. Now our results yield 

THEOREM 10: . To given p and given defect d, there exist only a finite number 
of classes of quadratic forms to which the Cartan form Q of a block of defect d 
can belong (for an arbitrary group G of finite order). 

We also quote the following results which can be proved directly without 
great difficulty. 

THEOREM 11: [f the defect of the block B, is positive, the Cartan form Q 
does not represent the number 1. More generally, Q does not represent (in- 
tegrally) a form of determinant 1. 

If B, has the defect 0, then C, is of degree 1, and Q is the quadratic form 
a. 

7. It may. be remarked that blocks of defect 1 can now be discussed 
rather completely. The results obtained earlier for the characters of groups 
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of an order g = pg’, (p, g’) = 1 appear as special cases of properties of 
characters of blocks of defects 0 and 1.’ 

Finally, it may be mentioned as a conjecture that it appears probable 
that for a given p and d, only a finite number of matrices exist which can 
occur as Cartan matrices C, of blocks of defect d. 


1 The first part will be quoted as I. 

2 Cf. Brauer, R., Ann. Math., 42, 926-935 (1941). 

3 For the results quoted in this section, cf. the paper mentioned in °. 

4 In the case that p belongs to the gection of the 1-element, this result has already been 
obtained in Brauer, R., and Nesbitt, C., University of Toronto Studies, Math. Ser., No. 
4, theorem VIII (1937). 

5 This generalizes a result obtained in Brauer, R., and Nesbitt, C., Ann. Math. 42, 
556-590 (1941) for blocks of defect 0. 

6 Cf. Brauer, R., these PROCEEDINGS, 30, 109-114 (1944), in particular, equation (2). 

7 Cf. Brauer, R., these PROCEEDINGS, 25, 290-295 (1939), and Ann. Math. 42, 936- 
958 (1941). 

I take this occasion to mention the following corrections in the first of these papers: 
In theorem III, the assumption should read n < (2p + 7)/3. The left side of equation 
(4) should read rpty + rytp. For the results of the last paragraph of section 3, it is neces- 
sary to assume that a suitable splitting field is used. ’ 


EFFECTS OF EXPOSURE TO ULTRA-VIOLET LIGHT ON HUMAN 
DARK ADAPTATION* 


By Ernst WOLF 
BIOLOGICAL LABORATORIES, HARVARD Unrversityt 


Communicated July 15, 1946 


Previously it has been shown that the course of dark adaptation of the 
eye of the baby chick can be altered by addition of ultra-violet radiation 
between 290 and 365 my to the visible white light of a mercury vapor lamp 
during preéxposure.' Exposure to wave-lengths longer than 365 my re- 
sults in uniform dark adaptation curves, all curves reaching the same final 
threshold level. The addition of ultra-violet below 365 my retards com- 
plete adaptation, raising the final threshold considerably above the normal. 
Extension of the ultra-violet range to about 355 my causes an increase of 
0.3 log unit, to 315 my an increase of 0.6 log unit, and to 290 my an increase 
of 1.1 log units in the final threshold level. 

In the baby chick, as in all newly born animals, the absorption by the 
ocular media is small, therefore a considerable penetration of ultra-violet to 
the retina is expected. For the human eye the ultra-violet transmission 
is a function of age,? depending mainly upon the transparency of the lens;* 
it is maximal in infancy and thereafter decreases so that in the adult eye 
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the lens transmission at 365 my is only 0.1 per cent.‘ In accordance with 
this fact one might assume a priori that wave-lengths shorter than 365 
my can have practically no effect upon the retina. In subsequent tests it 
is demonstrated that addition of ultra-violet to the adapting light during 
preéxposure changes the course of human dark adaptation and raises the 
final level of adaptation, and thus decreases the sensitivity of the eye. 
Light Exposure.—The observer must be fully light adapted before the 
course of dark adaptation can be studied. As light source, a 250-watt mer- 
cury vapor lamp (GE type H-5) is used. The lamp is mounted in a hous- 
ing 50 cm. behind a finely ground round Pyrex plate (transmitting from 
285 my up), 30 cm. in diameter, which acts as a diffusing screen. The 
observer views this evenly illuminated screen from a distance of 50 cm., 
securing uniform light exposure of a large retinal area. Between lamp and 
screen, filters of different transmissions can be inserted which provide for 
addition of smaller or larger portions of the ultra-violet part of the spec- 
trum to the otherwise white exposure light. The filters used are: AO 
crown 1045, transmitting from 290 mu up; ordinary plate glass, transmit- 
ting above 315 mu; AO Cruxite 1794 transmitting above 355 my; and 
Corning 3389 (Noviol, shade A), which begins to transmit at about 410 
my. All filters have practically the same transmission in the visible, 
therefore the color of the exposure light does not change. The brightness 
of the screen as measured with a Macbeth Illuminometer is 6250 millilam- 
berts. To this illumination varying only in ultra-violet content the ob- 
server is exposed prior to test for a standard period of 10 minutes. 
Measurements.—The course of dark adaptation is followed with the 
aid of a visual discriminometer,® an instrument of highest experimental 
rigidity, particularly in regard to fixation, retinal location of the test field, 
size of the field and control of threshold intensities of light. The instru- 
ment is calibrated by insertion of the illuminometer into one tube of the 
binocular head, after removal of the eyepiece. After completion of light 
exposure the observer views monocularly a red fixation point, representing 
the center of a square test field, subtending a visual angle of 12.5° ona side. 
With good fixation and the head securely on a chin rest, the test field is 
presented by means of a shutter for '/2; second, while by a neutral-tint 
wedge the operator of the instrument increases step by step the intensity of 
the field for each flash, until the critical point of first perception of the flash 
is reached. The time from cessation of light exposure and the wedge 
reading is recorded. This procedure is continued for 30 to 35 minutes, 
until there is no further increase in sensitivity at complete adaptation. 
With exposure light free from ultra-violet (Noviol A in the light path) 
the ensuing dark adaptation curve is duplex, separating the process of adap- 
tation into a cone and a rod component. The cone segment of the curve 
covers about 1.3 log units between the first reading, taken roughly at 1 
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minute, and the onset of the rod segment of the curve. The transition 
from cone to rod adaptation occurs after about 6.5 minutes. By adding 
to the exposure light ultra-violet down to 290 my by the insertion of 
crown giass into the light path instead of Noviol, the course of adaptation 
is modified. While the general level of the cone curve remains unchanged, 
it is extended up to 8 minutes, overshooting the previous onset of rod adap- 
tation by 1!/2 minutes. Rod adaptation then follows a course parallel to 
that obtained without the ultra-violet but on a higher intensity level, so 
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The course of dark adaptation of the human eye after preéxposure to light free front 
ultra-violet (Corning 3389, Noviol, shade A) in the light path (open circles) and light 
containing ultra-violet as low as 290 my (Crown in the light path), black circles. The 
ultra-violet produces a later onset of rod adaptation and raises the threshold levels for 
the rod segment. 


that at complete adaptation the two curves are separated by 0.24 log unit 
which corresponds to an increase in threshold intensity by a factor of 1.74 
for threshold recognition. 

In figure 1 summarized data on one observer are presented. There are 
plotted 6 runs with Noviol and 3 runs with crown in the path of the expo- 
sure light. The observations extend over several days. A run with crown 
may follow a run with Noviol immediately. After crown a minimum time 
of 5 hours was allowed so that’no previous ultra-violet effects would inter- 
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fere with a subsequent run. The data in figure 1 represent the proto- 
type of the course of dark adaptation without and under the influence of 
ultra-violet in the exposure light. Altogether, measurements were taken 
on 6 observers which show in principle the.same kind of phenomena. In 
each case a higher ‘‘final’”’ threshold of the rod segment is found after pre- 
exposure to light filtered by crown only. The rise in ‘‘final’’ threshold 
varies between 0.21 and 0.29 log unit. The variation does not seem corre- 
lated to age, at least within the age range of the experimental group, nor 
tosex. Inno case could any significant change in the level of the cone seg- 
ment be observed. The overshooting of the cone part might vary from 
hardly detectable to 2 minutes. Also, the separation between the two 
curves over the steep part of the rod segment up to 20 minutes might be not 
as distinct as in figure 1. At 20 minutes and beyond the separation is, 
however, always clear and becomes increasingly greater, until the final level 
is reached. The final separation between the normal level of adaptation 
and the lowest level reached at termination of the experiment after expo- 
sure to ultra-violet, for all observers, is given below. 


OBSERVER AGE SEX MEAN SEPARATION 
IN LOG UNITS 

toa &. 18 m 0.24 

M. L. 19 f 0.24 

E. E. F 21 f 0.28 

DA. Jj 25 f 0.24 

G. A.B 26 m 0.29 

E. W. 43 m 0.23 
Mean =_ 0.253 


The mean increase in light intensity for threshold recognition among 6 
observers is 0.253 log unit. This indicates that roughly 1.8 times as much 
light is needed for threshold response at “‘complete’”’ dark adaptation after 
preéxposure to light containing wave-lengths as low as 290 mu. 

Similar effects on final dark adaptation thresholds after prolonged ex- 
posure to sunlight, moderately rich in ultra-violet, have been described re- 
cently. An overshooting of the cone segment and a temporary rise of 
final thresholds of the same order of magnitude as described here are no- 
ticed. Ultra-violet as a cause is not mentioned. It seems probable, how- 
ever, according to some of our tests with preéxposure to light reflected 
from snow, that the changes in final level are not due to glare, but rather 
to the ultra-violet. ‘ 

On two observers tests were made comparing the effects of light filtered 
by Noviol with those of light filtered by plate glass, which excludes the 
strong mercury lines at 297, 302 and 313 my, but transmits the 365 my 
band at full strength. The data are given in figure 2. Besides a differ- 
ence in the onset of rod adaptation for the two observers, both show an 
overshooting of the cone segment for the plate glass curves of about 1 
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minute. The mean final threshold difference is 0.15 log unit, 0.1 log unit 
less than with crown glass, due to the reduction in effective ultra-violet 
radiation. 

Comparing AO Cruxite which transmits about 20 per cent at 365 my. 
with Noviol, the ensuing dark adaptation curves are practically identical. 
At least no final threshold differences can be noticed. There are, however, 
slight irregularities at the cone-rod transition which suggest overshooting 
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FIGURE 2 


The course of dark adaptation after preéxposure to light free of ultra-violet (open 
circles) and light filtered by plate glass (black circles). Due to the ultra-violet, the rod 
adaptation begins later and the thresholds are higher. 


of the Cruxite curve. Also the initial steepness of the rod segment might 
be less for Cruxite. From 15 minutes onward the normal and the Cruxite 
curves are, however, identical, indicating that any small ultra-violet effect 
produced by the reduced transmission at 365 mu, recognizable at the be- 
ginning of rod adaptation, has disappeared at a time when previously the 
effect of exposure to ultra-violet was most pronounced. 
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Compared with the results on the eyes of baby chicks the effect on human 
dark adaptation is considerably smaller. In the chick an intensity in- 
crease by a factor of 12.5 was necessary (crown vs. Noviol) as against 1.8 
for the human eye, a ratio of 6.6:1. Assuming that most of the effective 
ultra-violet is absorbed by the lens, one should expect a considerably 
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Dark adaptation in aphakics: The normal (left) eye of J. W. gives curves similar to 
those presented in figure 1. For the aphakic eye the separation between the normal and 
the ultra-violet curve is considerably increased, due to more effective action of ultra- 
violet upon the retina. The same conditions are found in J. S. B. 


greater effect in aphakics. Two observers were available. J. W., age 26, 
had the lens of his right eye removed several years ago, the left eye having 
normal vision. His normal eye gives a final threshold separation of 0.20 
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log unit which is slightly below the average of the group of 6 mentioned 
previously. For the aphakic eye the separation between the Noviol and 
the crown curves becomes increasingly greater after the cone-rod transi- 
tion, until a final separation of 0.68 log unit is reached, corresponding to an 
increase in light intensity by a factor of 4.77 for threshold recognition. In 
J. S. B., 30 years, both eyes are aphakic; one eye having better vision is 
used for test. The results are similar to those for J. W. with the exception 
that the final separation is only 0.46 log unit, or a factor of 2.88. Even 
while there is a difference of 0.22 log unit between the two aphakics, the 
final threshold levels for both are so much higher than previously found 
that it becomes evident that much of the ultra-violet is normally ab- 
sorbed by the lens which otherwise would reach the retina. The data 
on the aphakic observers are presented in figure 3. 


With only 0.1 per cent transmission at 365 my, there is no doubt that the 
small amount of ultra-violet reaching the retina produces considerable 
physiolgical effects in proportion to its intensity. In the human eye, as 
well as in the chick, the ultra-violet effect seems entirely on the rod thres- 
holds, whereas the cones remain unaffected. For both types of eyes it 
may be assumed that an effect on the cones is prevented by their dense 
filter pigments, while the ultra-violet can act upon the pigmenvt-free rods.’ 
The action of the ultra-violet might be directly upon the photosensitive 
material of the rods, or it might be due to desensitization caused by fluores- 
cence of the ocular media during preéxposure. In both cases a longer re- 
covery time would be needed to regain maximal sensitivity. At present 
it can only be pointed out that ultra-violet radiation has peculiar effects 
upon the sensitivity thresholds of the rods, disregarding the locus and mode 
of action. 

Summary.—The course of dark adaptation of the human eye is studied 
after preéxposure to the radiation of a mercury vapor lamp, filtering out 
the ultra-violet between 290 my and the visible to various extents. Expo- 
sure to light free from ultra-violet results in uniform dark adaptation 
curves. Addition of ultra-violet below 365 my affects rod adaptation by 
causing a later onset of rod adaptation and raising the final thresholds 
appreciably above the normal level. The cone adaptation is not affected. 
The final level reached is a function of the extent of the ultra-violet spec- 
trum. The lens, having a high ultra-violet absorption, reduces the ultra- 
violet action upon the retina which can be demonstrated on aphakic eyes 
in which the ultra-violet action on dark adaptation is considerably in- 
creased. 


* This research was supported by a grant of the American Optical Company. 
+ The experiments were carried out with a visual discriminometer at the Laboratory 
of Industrial Physiology, Harvard School of Business Administration, which kindly was 
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made available for the purpose. I feel particularly indebted to Miss D. A. Jameson 
for her generous help in these experiments. 
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EXPERIMENTS ON SEXUAL ISOLATION IN DROSOPHILA. 

VII. INFLUENCE OF LIGHT ON THE MATING BEHAVIOR OF 

DROSOPHILA SUBOBSCURA, DROSOPHILA PERSIMILIS AND 
DROSOPHILA PSEUDOOBSCURA 


By BrRucE WALLACE AND THEODOSIUS DOBZHANSKY 
DEPARTMENT OF ZOOLOGY, COLUMBIA UNIVERSITY 
Communicated May 17, 1946 


Philip, Rendel, Spurway and Haldane! and Rendel* found that cultures 
of Drosophila subobscura Collin cannot be kept permanently in a dark room 
because no matings take place in this species in the absence of light. Fur- 
thermore, several mutant types with abnormal eye colors proved to be male 
sterile; for example, white eyed males, although they are positively photo- 
tropic like the wild type, do not respond to moving contours and produce no 
offspring. Rendell? also points out that the males of the mutant yellow (yel- 
low body color) are discriminated against in mating by the females of some, 
but not all, wild type strains. Yellow females produce offspring easily when 
placed with wild type males. These findings are the more interesting and 
unexpected since Mayr and Dobzhansky* found that in D. persimilis 
Dobzhansky and Epling and in D. pseudoobscura Frolova mating and in- 
semination occur freely in the presence or absence of light. Cultures of 
these species can be kept in a dark room generation after generation. Fur- 
thermore, when females of these two species are placed together with males 
of one of them, a significantly greater proportion of conspecific than of 
foreign females are inseminated and this: selectivity of mating is not affec- 
ted by light or by darkness. It follows that representatives of these species 
are able to discriminate between conspecific and foreign mates in the ab- 
sence of light. 
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D. subobscura, D. persimilis and D. pseudoobscura are three morphologi- 
cally very similar species; yet their mating reactions are profoundly dif- 
ferent with respect to at least one environmental agent, namely, light. Such 
variations in the mating reactions in related species may be very important 
biologically if they lead to sexual isolation between the species. It might be 
interesting to resolve some representative examples of sexual isolation into 
their component parts and to identify the variables which enter into a sexual 
isolation. Such differences in the behavior of related species as the depen- 
dence or independence of mating on presence or absence of light lend them- 
selves readily to quantitative and qualitative study. The results of an ex- 
ploratory study of this type is reported in the present paper. 

We wish to express our sincere appreciation of the courtesy of Professor 
J. B. S. Haldane who let us have a strain of D. subobscura collected in Eng- 
land and bred in his laboratory. Professor H. J. Muller very kindly trans- 
ported this strain to this country. Professor S. Hecht and Drs. S. Shlaer 
and Ch. Hendley of the Laboratory of Biophysics, Columbia University, 
have very kindly helped to arrange the experiments on light intensities. To 
Mr. George Streisinger we are obliged for his assistance with the experi- 
ments at the beginning of the investigation. 

Material and Methods.—A single strain of each of the three species has 
been used in all the experiments to be described: the English strain of D. 
subobscura, D. persimilis from Stony Creek, California, and the orange mu- 
tant strain of D. pseudoobscura. Adults of D. subobscura were transferred 
without etherization to fresh culture bottles at intervals of from one to 
several days and kept in a well-lighted laboratory room at 22°-24°C. The 
bottles with eggs deposited:in them were placed in a dark constant tempera- 
ture room at 19°C. Cultures of D. persimilis and D. pseudoobscura were 
treated similarly except that they were allowed to develop at room tempera- 
ture. 

Effects of Light and Darkness on the Frequency of Insemination.—The ex- 
periments consisted of placing 10 to 15 females of one species with a similar 
number of males of the same or of a different species in 1 X 31/4-inch 
glass vials with food and examining the females for the presence of sperm 
after a certain number of days. At the beginning of each experiment the 
flies were not more than 24 hours old after hatching from the pupae. Some 
of the vials (light series) were placed on a shelf in the laboratory out of the 
direct sunlight but exposed to the diffuse light of the room. Other vials 
(dark series) were individually wrapped in heavy black paper and placed in 
an opaque cardboard box which was then put on the shelf with the vials of 
the light series. After a desired number of days, all females were dissected 
and their seminal receptacles were examined under a microscope for sperm.* 
The data obtained in the parallel experiments of the light and dark series 
are summarizedintablel. 
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TABLE 1 


NUMBER OF FEMALES DISSECTED (”) AND PER CENT FERTILIZED (%) AFTER SEVERAL 
Days’ ExpoSuRE IN LIGHT AND IN DARKNESS 








LIGHT DARK 
cross DAYS n % DAYS n % 
subobscura 9 X subobscura co’ 3-4 60 80.0 5-9 72 0.0 
persimilis 9 X persimilis 7’ 3-5 41 75.6 9 22 100.0 
subobscura 2 X persimilis ¢ 7-14 118 8.5 7-9 136 2.9 
persimilis 9 X subobscura 7-13 80 15.0 7-12 80 1.3* 
subobscura 9 X pseudoobscura 7 9-11 64 21.9 8-15 152 7.2 
pseudoobscura 9 X subobscura 9-13 96 25.0 10-15 128 0.0 


* A single female found to contain sperm in this cross is probably due to an experi- 
mental error. 


It can be seen that none of the 72 D. subobscura females were inseminated 
by males of their own species after as long as 5-9 days together in darkness. 
By contrast, about 80% of the females were inseminated after 3-4 days in 
the light. The behavior of D. persimilis is quite different since males of this 
species, as well as of D. pseudoobscura, inseminate females of their respective 
species equally as rapidly in light as in the dark (for more data on the latter 
species see Mayr and Dobzhansky’*). 

Hybrids of D. persimilis and D. pseudoobscura can be obtained in the 
laboratory rather easily. The viability of these F, hybrids is not inferior to 
that of the parents. Crosses of D. subobscura with D. persimilis or with 
D. pseudoobscura never produced viable hybrids, larvae or adults, in our ex- 
periments. Nevertheless, as shown in table 1, cross-insemination between 
these species does occur although much less frequently than matings within 
a species. In the light, D. subobscura males have inseminated as many as 
25% of D. pseudoobscura and 15% of D. persimilis females in 7-13 days. No 
inseminations by D. subobscura males have been observed in the dark series. 
(One female of D. persimilis, among 80 females exposed for 7-12 days to 
D. subobscura males, contained sperm, cf. table 1, but this is almost certainly 
an experimental error.) 

Although D. subobscura females and males do not mate in the dark, an 
appreciable number of inseminations have been observed in the crosses that 
involve D. subobscura females and D. persimilis or D. pseudoobscura males. 
These interspecific matings have been observed both in the light and in the 
dark series but, interestingly enough, they are relatively more frequent in 
the light than in the dark. Light is essential for normal sexual activity of 
D. subobscura males. D. subobscura females accept some courting males in 
the dark although they do so less frequently than in the light. Light is not 
an essential factor for mating of either males or females of D. persimilis or of 
D. pseudoobscura. 

The following experiment was intended to clarify the role of the light in 
the mating behavior of D. subobscura. Several vials each containing 10 
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males and 10 females of D. subobscura were prepared. These vials were 
placed in a small opaque box which was, in turn, placed in a larger box. The 
vials and boxes were kept in a’ drawer of a desk. Several times each day for 
8-10 days, these vials were exposed to the light of the room (several times to 
direct sunlight) until the first courtship was observed in any of the vials; 
the vials were then quickly shaken, covered and replaced in the desk. After 
8 days, 15 females were dissected and after 10 days, 18 more. None of these 
females had been inseminated. Apparently darkness prevents the comple- 
tion of matings which have proceeded to the courtship stage. There seems 
to be no appreciable carrying over of sexual activity from periods of light 
exposure into darkness. 

In order to test the rapidity of matings of D. pseudoobscura in the dark, 
vials with food containing 10 males and 10 females were prepared and 
placed within the series of boxes mentioned above. Females were dissected 
at the end of 1, 2, 4 and 7 hours. All of the females were inseminated in 
those vials which were left for 2 hours or more; 7 females in the vial left for 
1 hour contained sperm. Another series of vials was prepared without food 
and placed in the dark for times ranging from 15 to 90 minutes (15-minute 
intervals). The number of inseminated females varied from 8 after 30 and 
45 minutes of exposure to 4 after 1 hour. Exposure for 1 '/) hours and 15 
minutes gave identical results—7 females inseminated. Activity in the 
dark, then, begins at once and proceeds at a pace comparable to that to be 
described in the next experiment. 

Direct Observations on the Sexual Behavior —Females and males of all 
three species were aged for 1-2 weeks in isolation in a dark room at 19°C. 
Clean vials without food’were placed on vial racks covered with white 
paper; 2 females of one species and 2 males of the same or of a different spe- 
cies were introduced, without etherization, into each vial. The behavior of 
the flies in the vials were then observed for two hours under normal day- 
light conditions on a table before a window (direct sunlight being avoided). 
Ordinarily 20 vials were under observation at one time; 5 vials of each of 
the four possible combinations Ac’ XK A9,Ac’ X BP, Bos XK AQ,Bo X 
BQ, where A is D. subobscura and B is D. pseudoobscura or D. persimilis. 
At times it was expedient to increase the number of vials of a certain cross at 
the expense of other crosses, but never more than 20 vials were used simul- 
taneously since this was found to be the maximum number that could be 
handled efficiently. 

Three stages can be distinguished in the mating of Drosophila: court- 
ship, copulation and insemination. The occurence or non-occurrence of the 
last of these stages, insemination, can be determined with certainty by dis- 
section of the female and microscopic examination of her sperm receptacles 
and vagina. It is slightly more difficult to decide whether copulation has 
or has not taken place. Asa rule, absence of space between the tips of the 
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abdomens of the flies involved and difficulty of the female in dislodging the 
male were taken as evidence that copulation had occurred. The occurrence 
of courtship is the most difficult to ascertain and much depends upon an in- 
dividual observer. Detailed descriptions of the courtships of D. subobscura 
has been given by Rendel? and of D. persimilis and D. pseudoobscura by 
Mayr.‘ These descriptions have been confirmed by us. The courtships in- 
volve males sparring with females, wing flicking, wing extension and vibra- 
tion, and finally circling and mounting. All three species indulge in spar- 
ring, i.e., exchanging of taps with the forelegs. D. subobscura males flick 
their wings while males of the other two species do not. Wing extension in 
D. persimilis and D. pseudoobscura consists of extending one wing parallel 
to the female’s body, usually anteriorly, while the male stands facing the 
female from either side. In D. subobscura wing extension occurs while the 
male stands in front of and facing the female and consists of extending both 
wings at right angles to the male’s body. 

Males often court other males but such courtships were not included in the 
data. Since courtships are not always continued after sparring and since 
sparring is of short duration and liable to be overlooked, sparring alone 
was not counted as courtship. D. subobscura males often indulge in wing 
flicking on occasions other than courtships, hence flicking was not con- 
sidered to constitute a courtship unless the male did it insistently before 
a female. Extending and vibrating a wing(s) was taken in all cases to 
be a bona fide courtship. If a courting pair separated and there was no 
attempt on the part of the male to continue the courtship, that courtship 
was regarded completed. If, after a lapse of time, the same male resumed 
courting, this fact was recorded as a separate courtship. However, if the 
male followed a female and his behavior seemed to indicate a continuing 
interest in her, his entire performance was considered a single courtship. 
The total results of the two-hour observational periods are given in table 2. 
Table 3 shows some of the data reported in table 2 recalculated for a single 
female for the four consecutive half-hour periods of observation. 


TABLE 2 


NUMBER OF COURTSHIPS, COPULATIONS AND INSEMINATIONS DURING Two-HourR 
EXPOSURE PERIODS OF AGED FLIES UNDER NORMAL DAYLIGHT CONDITIONS 


FEMALES COURTSHIPS COPULATIONS INSEMINATIONS 

CROSS EXPOSED TOTAL PER Q TOTAL PER 9? TOTAL PER 
subobscura 9 X subobscura 86 198 21.37. 17 0.20 
persimilis 2 X persimilis ¢ 60 61 1.02 32 0.53 
pseudoobscura 2 XX _ pseudoobs- 

cura 66 104 1.58 40 0.61 ie 

subobscura 9 X persimilis 7 60 52 (0.87 o @ oc *~ 
persimilis 9 X subobscura 60 186 3.10 50 (0.83 6 0.10 
subobscura 9 X pseudoobscura o& 70 Si. 1.36 D::;.0 0 0 
pseudoobscura 2 X subobscura & 68 88 1.29 5 0.07 0 0 
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TABLE 3 


CourtsHips (Crt) AND CopuLATIONS (CoP) PER FEMALE BY HALF-HOUR INTERVALS 
. OF EXPOSURE 


FEMALES 


CROSS ist 2ND 3RD 4TH TOTAL EXPOSED 
subobscura @ X subobscura sfCrt 0.45 0.23 0.18 0.18 0.98) 56 
\Cop 0.07 0.02 0.02 0.02 0.13/ 
persimilis 9 X persimilis 7 fGrt’ * 0:6? °0287* 0:16-0:08 LAT) 30 
\Cop 0.53 0.30 0.07 0 0.90f 
pseudoobscura 9 X pseudoobscurad' {Crt 0.59 0.47 0.32 0.20 1.58) 66 
\Cop 0.30 0.14 0.11 0.06 0.61f ~ 
subobscura 2 X persimilis o’ {Cet > O17. 0.13: .0.20. 0.07 -0-67), 30 
\Cop 0 0 0 0 0 f 
persimilis 9 XX subobscura fctt 1.78 0.73 0.60 0.33 3.40) 30 
\Cop 0.60 0.20 0.07 0.07 0.938/ 
subobscura 9 X pseudoobscura @ fCrt 0.27 0.26 0.34 0.29 1.16) 70 
\Cop 0 0 0 0 0 f 
pseudoobscura 9 X subobscura @ fCrt 0.37 0.40 0.24 0.29 1.29) 68 
\Cop 0.03 0.04 0 0 0.07f 


An inspection of table 2 reveals facts that could not have been predicted 
on the basis of the data presented in table 1, which shows interspecific in- 
seminations to be much less frequent than intraspecific ones. Table 2 shows 
that the number of courtships per female is of the same order of magnitude 
in all crosses. In fact, the greatest number of courtships per female occur 
when D. subobscura males are placed with D. persimilis females and the 
smallest number in the reciprocal cross. Table 3 indicates, however, that 
this uniformity is arrived at differently in the interspecific and intraspecific 
crosses. When the females and males belong to the same species, the num- 
ber of courtships declines rapidly in the consecutive half-hour periods. 
When the females and males belong to different species, the frequency of 
courtships remains more nearly constant throughout the two hour period. 
The most probable explanation of these relationships lies in that a much 
higher proportion of intraspecific than of interspecific courtships result in 
copulations. (See below.) Consequently, the courtship behavior subsides 
more rapidly in the vials containing conspecific females and males than in 
vials containing representatives of different species. 

During the first half hour of observation, when few of the individuals had 
copulated previously, a high proportion of the courtships between males and 
females of the same species are followed by copulations. Data in table 3 
show that the ratio copulations/courtships is highest in D. persimilis, 
intermediate in D. pseudoobscura and lowest in D. subobscura. Behavior 
within the three species is similar: genitalia are brought into contact, the 
male mounts and the pair remains quiet from 3 to 10 minutes (average 6'/2 
minutes) after which separation occurs. Whenever dissected the females 
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contained spermatozoa. In the combinations of D. subobscura females with 
D. persimilis or D. pseudoobscura males (tables 2 and 3), no normal copula- 
tions at all have been observed although they must take place as insemi- 
nations have been recorded for these crosses (table 1). The female runs away 
from the courting male, repulses him by extending her middle leg toward 
him, rotates her abdomen, or else the male breaks off the courtship without 
attempting to mount. If he mounts, as he frequently does, the pair separate 
immediately. The situation, therefore, is analogous to that found by Mayr‘ 
in the crosses of D. persimilis and D. pseudoobscura. The precise nature of 
the difficulty which prevents the copulation from being successful is not 
clear. It may be noted that the external genitalia are morphologically iden- 
tical in D. persimilis and D. pseudoobscura, while those of D. subobscura 
males differ in several characters both of the genital arch, the anal tubercle 
and the penis apparatus. 


When D. subobscura males and D. pseudoobscura or D. persimilis females, 
expecially the latter, are involved, things go differently. The male mounts 
and copulation seems to be successful but in a few seconds the female begins 
to struggle in violent efforts to free herself from the male. The pair fre- 
quently falls on the bottom of the vial, the male attempting to maintain his 
position and the female striving to dislodge him with kicks by her hind legs. 
The female succéeds in freeing herself in from a few seconds to about two 
minutes after the start of the struggle; less than 30 seconds is required in 
the majority of cases. 


Only 6 out of the 50 D. persimilis females and none of the D. pseudoob- 
scura females which have copulated with D. subobscura males contained any 
spermatozoa on dissection. This means that a majority of the interspecific 
copulations do not result in sperm delivery. It can be surmised that in- 
semination occurs only in those cases when copulation lasts longer than the 
average. 


Intensity of Illumination and Sexual Activity of D. subobscura.—The 
courtships and copulations of D. subobscura males and females were ob- 
served by placing vials each containing 2 females and 2 males at various 
distances (1—5 meters) from a 150-watt Reflectorflood bulb in a dark room 
at the Department of Biophysics of Columbia Univesity. Observations 
were made by walking from vial rack to vial rack. Each experiment lasted 
for two hours. Ordinarily two vials were placed at each position. Inas- 
much as a courtship is of such short duration that it can begin and end in 
the time it takes an observer to make a circuit of all vials (+1 min.) while 
a copulation lasts for several minutes, the ratios copulations/courtships 
in the present data are not comparable to those obtained from the above 
data. Table 4 summarizes the results of these observations. 
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TABLE 4 


CoURTSHIPS AND COPULATIONS IN D. subobscura aT DIFFERENT LIGHT INTENSITIES 
(Foot-CANDLES) 


LIGHT TOTAL COURTSHIPS COPULATIONS 
INTENSITY FEMALES TOTAL PER Q TOTAL PER 9 
85.4 22 8 0.36 2. 0.09 
27.0 22 59 2.68 8 0.36 
10.3 22 29 1.32 1 0.05 
4.5 22 7 0.32 2 0.09 
2.5 20 14 0.70 1 0.05 


Table 4 shows that both very bright and dim light are unfavorable for 
sexual activity. The flies were most active when placed in light of 27 foot- 
candle intensity. Sexual activity seems to be correlated in this case with 
mobility of the flies because in the vials in which many courtships were tak- 
ing place, the flies were moving about to a greater extent than in the others. 
The latter point is borne out in that flies placed behind a black screen in the 
same dark room and observed by light reflected from a white card were very 
quiet, moved very slowly if at all, and never sparred, courted or copulated. 
It must be admitted, however, that it is difficult to observe the behavior of 
flies accurately in light of less than 2.5 foot-candles intensity. 

Behavior of D. subobscura in Red Light.—Bertholf> has shown that 
wild type D. melanogaster flies are relatively insensitive to red light and that 
the upper limit of sensitivity lies at 650-675 » wave-length. Observations 
on the behavior of the flies in red light, therefore, should give an approxi- 
mate idea about their behavior in the absence of light. A glass filter trans- 
mitting light of 600-610 u was placed in the lamp used in the previous ex- 
periments. Energy and intensity measurements were not made; intensity 
of red light in foot-candles is meaningless and energy is unimportant inas- 
much as a point of non-activity rather than a threshold was what was de- 
sired. ' 

When the two vials each containing two pairs of D. subobscura were 
placed at the distances from the light source mentioned above, no sexual 
activity of any type was observed. The flies remained quiet or moved 
slowly in the vial. There was no orientation of the flies with respect to the 
light. 

When the flies used were D. pseudoobscura, courtships and copulations 
proceeded as they do in the light. Although, in general, there was no change 
in behavior, male flies were observed on two occasions extending and vi- 
brating their wings towards the posterior end of the females and at- 
tempting to mount the anterior end. 

Since the absence of activity in D. subobscura and the presence of activity 
in D. pseudoobscura in red light resemble the situation existing in the ab- 
sence of light, vials containing five females of one species and five males of 
the same or the other species were prepared and observed for two hours. 
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There was no indication of courtships on the part of D. subobscura males 
either with their own or with D. pseudoobscura females. D. pseudoobscura 
males courted and copulated with their own females and courted D. sub- 
obscura females. As in the observations recorded in table 2, no copulations 
of D. pseudoobscura males with D. subobscura females were seen; each court- 
ship was terminated when the female moved away or rotated her abdomen. 

Summary.—Mating takes place with or without light in Drosophila per- 
similis and D. pseudoobscura, while D. subobscura mates only in the presence 
of light. Males of D. persimilis and D. pseudoobscura inseminate some D. 
subobscura females, the frequency of this cross-insemination being greater in 
the light than in the dark. D. subobscura males inseminate some females of 
the other two species in the light but not in the dark. Light intensity of the 
order of 30 foot-candles was found to be close to the optimum for mating in 
D. subobscura, but no mating and no courtship take place in this species in 
red light of an intensity which permits observation. Direct observations 
disclose that, in the light, males of any one of the three species court about 
equally frequently females of their own and of the other two species. How- 
ever, interspecific copulation occurs only seldom, and if it does the female 
dislodges the male in usually less than 30 seconds, ordinarily before sperm 
ejaculation takes place. 
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